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We analyze theoretically the effects of curvature on the diffusion in a fluid membrane, within the Saffman-
Delbrück hydrodynamic model. We calculate the effect of curvature on the intrinsic fluidity of a membrane
through changes in its thickness, for both static or fluctuating curvature. We treat both thermal curvature
fluctuations, and fluctuations due to active processes. Such curvature fluctuations increase the average mem-
brane thickness and diminish the projected area, thereby decreasing the diffusion coefficient. This calculation
allows us to predict the effect of shear flow on the membrane diffusion, and to compare to observations on
living cells.
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I. INTRODUCTION

In this paper we develop the theory of the diffusion of
lipids and peptides in curved fluid membranes. The problem
of diffusion in a flat membrane has been studied before using
hydrodynamics �1� and free-area �2,3� approaches, and de-
spite its fundamental importance in the context of biological
cell membranes, has remained not fully resolved. We are
concerned here with the effects of static and fluctuating
membrane curvature on the diffusion coefficient, following
the hydrodynamic approach of Saffman and Delbrück �1�.
The effects of curvature on the diffusion have received very
little theoretical consideration so far; in �4� the effect of cur-
vature fluctuations on the diffusion was studied through the
increase in the geometric path length which decreases the
apparent �projected� diffusion.

A different effect of curvature, either static or fluctuating,
which has not been treated so far, is the change in the intrin-
sic membrane fluidity through the induced changes in the
membrane thickness �5,6�. Since most membranes in cells
and vesicles are curved and support thermal and active cur-
vature fluctuations �due to active membrane proteins or actin
polymerization�, the interplay between membrane curvature
and diffusion is, therefore, of fundamental importance. A re-
cent experimental study �7� which showed the effects of cur-
vature in a monolayer on the diffusion coefficient has moti-
vated the work presented here.

We begin with the model of Saffman and Delbrück �1� for
the diffusion of a cylinder of length L and radius r in a
membrane of width w, i.e., a two-dimensional fluid layer. We
will deal here with a one component membrane, which is in
its fluid phase. For simplicity we will treat here the case
when L=w, where the solid cylinder represents either an in-
serted peptide �transmembrane protein� or a surfactant �or
lipid� molecule. In this case of L=w the membrane is unde-
formed by the peptide. The drag force on the cylinder is
proportional to its surface area, and by Einstein’s relation the
diffusion coefficient is �1�

D �
kBT

2�w�
Rlog, �1�

where � is the internal viscosity of the membrane. The func-
tion Rlog stands for logarithmic corrections that were calcu-

lated in �1�: One correction is of the form: Rlog
=ln��w /� fa�−�, where a is the radius of the diffusing ob-
ject, � f is the viscosity of the surrounding fluid, and � is
Euler’s constant. Another correction is of the form: Rlog

=ln�R /a�− 1
2 , where R is the lateral extent of a finite-size

membrane. This correction is somewhat relevant to the case
of diffusion in cylindrical membranes �7�, where the flow is
limited in the circumferential direction. This correction is
significant when the radius of the cylindrical membrane is of
the order of the inclusion radius or smaller. In the present
experiments �7� this regime is never reached, with R /a
�20. We shall treat here only infinitely large membranes.

The effect of membrane curvature on the diffusion coef-
ficient �1� can be included most simply through the
curvature-induced changes to the membrane thickness w.
When a monolayer is bent, its thickness increases or de-
creases, so as to maintain constant volume per surfactant �or
lipid� molecules �5,6�. The calculation is done assuming pure
curvature deformations, i.e., no overall compression or ex-
pansion of the membrane and a constant area per molecule at
the neutral surface, and the molecular volume is kept con-
stant. The symmetry between the hydrophilic and hydropho-
bic surfaces is broken by the strong head-group interactions
which act to maintain a roughly constant area per head
group. Such interactions are absent at the ends of the hydro-
phobic tails, and result in curvature-dependent membrane
thickness �5,6�. For a monolayer or bilayer which are not
under strong externally applied tensions, these assumptions
are reasonable. They are also supported by some more de-
tailed models, such as �8,9�.

These calculations �5,6� assume that we are dealing with
membranes that are weakly curved, such that the hydrody-
namic calculation of Eq. �1� is valid. For static curvatures it
means that we are always in the limit R /a�1 and R /w�1.
For fluctuating membranes we will work in the usual limit of
small deformations away from the flat shape �5�.

We note that there are other approaches to describe the
diffusion inside fluid membranes, most notably the free-area
model by Cohen and Turnbull �2,3�. This model proposes to
take into account the discreteness of the lipid bilayers and
describes a “jumping” movement of the molecules due to
local packing defects. Comparison of this model to experi-
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ments has been rather difficult �10�, but it has a clear poten-
tial advantage over the continuum model studied here by
including specifically the microscopic details of the mem-
brane structure.

The paper begins with the case of a static curvature �Sec.
II�, which we compare to recent experiments �7�. After we
establish good agreement between our model and the experi-
ments for the static case, we proceed to the case of a ther-
mally fluctuating flat membrane �Sec. III� and fluctuating
active membranes �Sec. IV�. We then describe the effects of
shear flow on cell membranes �Sec. V� and conclude in Sec.
VI.

II. STATIC CURVATURE

The mean and Gaussian curvatures �H and K� have to be
determined for any specific geometry, for the membrane
thickness to be computed �5,6�. For a cylindrical geometry or
undulations of a flat membrane, the Gaussian curvature is
zero. If we set the Gaussian curvature to zero �K=0� after
expanding in the limit of small curvatures, the result is given
by �5�

wef f ,1 � w�1 − wH + 2w2H2� . �2�

Alternatively, we can set the Gaussian curvature to zero from
the beginning, and get exactly

wef f ,2 =
− 1 + �1 + 4Hw

2H
. �3�

Using both expressions �2� and �3� in Eq. �1�, for a static
negative H, the diffusion decreases with the curvature-
induced increase in the membrane thickness. In Fig. 1 we
show the theoretical curve along with the experimental mea-
surements. The data are from very recent experiments �7�,

which measured the diffusion of a fluorescent surfactant
probe in an inverse-hexagonal phase, i.e., a surfactant mono-
layer in a cylindrical geometry. The data for the two types of
surfactant probes were normalized by their respective bare
thickness w, in the ratio of their chain lengths: 8 and 12 Å
for the C12 and C18 probes, respectively. As predicted by
our model, the experimental data, normalized by the thick-
ness w, collapse on a single curve. In particular, the linear
relationship for small curvatures shows the importance of the
term which is linear in H in Eq. �2� for static curvatures. This
is in contrast with the case of a fluctuating flat membrane, as
discussed below.

The good agreement we find gives support to our picture
of the curvature effects on the diffusion: The basic mecha-
nism of molecular friction inside the monolayer is assumed
not to change in any crucial manner due to the curvature. The
interaction of neighboring hydrocarbon chains is still the
dominant friction mode, and this friction increases due to the
calculated increase in the thickness w �Eq. �3��.

For a bilayer, the two leaflets have opposite signs of the
mean-curvature H, such that one thins and the other thickens.
The lipid diffusion seems to be correlated in both leaflets
�entrained motion� �11�, and therefore the overall change in
the bilayer �both leaflets� thickness will determine the result-
ing change in the diffusion coefficient. Similarly, the diffu-
sion of a membrane peptide, which penetrates both leaflets,
will be determined by the changes to the overall thickness.
Note from Eq. �2� that the curvature affects the membrane
thickness in an inherently asymmetric way, such that there
will always be an overall thickening of the bilayer in the
presence of curvature and a consequent reduction in the dif-
fusion. The effect of static curvature on the diffusion in a
bilayer is therefore predicted to be weaker �second order�
than for the monolayer.

III. FLUCTUATING CURVATURE

After establishing in Sec. II the applicability of our model
to real membranes, we now turn to the effects of curvature
fluctuations in an overall flat membrane. The effect of mem-
brane curvature fluctuations on the diffusion coefficient has
two contributions: The first comes from the increase in the
average membrane thickness, as we discussed above �Eqs.
�2� and �3��, and which we shall calculate below. The second
is a geometric effect due to the fact that the observed diffu-
sion is a flat projection of the real motion on the undulating
surface �4,12�. The first effect will be observed as an effec-
tive increase in the intrinsic membrane viscosity �Eq. �1��:
�ef f =�wef f /w, as probed by local viscosity and fluidity fluo-
rescent indicators �13� and by electron spin resonance �ESR�
spectrometry �14�. The sum of both effects �intrinsic and
geometric� will be observed by overall diffusion measure-
ments, such as using fluorescence recovery after pho-
tobleaching �FRAP� �7,15�.

Let us begin with the first effect of increased membrane
thickness. The average curvature �H� for each leaflet of the
bilayer due to the fluctuations vanishes, as the fluctuations
are symmetric. Nevertheless, the curvature fluctuations con-
tribute to the mean-square curvature �H2� �Eq. �2��, which

FIG. 1. The calculated dependence of the normalized diffusion
coefficient D on the normalized mean membrane curvature Hw �Eq.
�1��; solid line, Eq. �3�; dashed line, Eq. �2�, compared to the ex-
perimental data �7�; squares, C18; triangles, C12. The dotted line is
the solution for membrane thickness with a constant Gaussian cur-
vature K=0.08, normalized by the unit membrane thickness.
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increases the overall membrane thickness. This arises from
the inherent asymmetry between the positive and negative
curvature undulations; to conserve the volume per molecule
the molecules have to increase their length when H�0, and
decrease it when H�0. For H negative and large the cross
section tends to zero, and the molecules lengthen sharply
�see Eq. �3� for H→−1/4w�, while for positive H the mol-
ecules thin monotonously.

We will deal with an overall flat membrane, that bends
symmetrically in both directions, with �K�=0, �H�=0 in Eq.
�2�. The remaining contribution comes from the mean-square
curvature term in Eqs. �1� and �2� due to thermal fluctuations

�wef f� � w�1 + 2w2�H2��

ÞD = D0
w

wef f
� D0�1 − 2w2�H2�� �4�

where D0 is the diffusion coefficient in the flat membrane,
and the mean-square curvature is given, for thermal fluctua-
tions, by

�H2� =
1

�2��2 	 q4�hq
2�d2q =

kBT

4�	w2 +
kBT


4�	2 ln
 1

	/
w2 + 1
� ,

�5�

where we used �5�: �hq
2�=kBT / �	q4+
q2�, and 	, 
 are the

curvature bending modulus and the effective surface tension,
respectively. Using Eq. �5� in �4�, we get the reduction in the
diffusion coefficient

D/D0 � 1 −
kBT

2�	
�1 +


w2

	
ln
 1

	/
w2 + 1
� . �6�

Note that since the logarithmic term is always negative, in-
creasing the tension will increase the diffusion coefficient, by
suppressing the thermal curvature modes that decrease the
diffusion coefficient. The surface tension here acts to de-
crease the average bilayer thickness by flattening the curva-
ture undulations, and not by direct stretching of the flat bi-
layer, which is much harder to do �5�.

The second contribution to the decrease in the effective
diffusion due to the membrane fluctuations arises from the
increase in the path length of the diffusing particle on the
undulating membrane surface �5�. This effect was recently
calculated by Reister and Seifert �4�. A simple approximation
of this effect follows from noting that the diffusion coeffi-
cient is proportional to the membrane area: D= �r2� / t, so that
the observed diffusion coefficient is now D�D0Aproj /A,
where A is the real and Aproj is the projected membrane area.
The reduction in the diffusion coefficient due to the excess
area of membrane fluctuations ��=�A /A��q2�hq

2�d2q �5�
is given in the limit of small �� by

D/D0 =
1

1 + ��
� 1 − 1

2 ���h�2� � 1 −
kBT

8�	
ln
1 +

	

w2

� .

�7�

Note that in all finite systems there is a residual surface ten-
sion 
0, due to surface conservation. In cells this value is

usually much larger, determined by the cytoskeleton that is
attached to the membrane �16�.

In Fig. 2 we plot the calculated reduction in the effective
diffusion due to the thickness alone �Eq. �6��, and due to both
effects of thermal fluctuations, Eqs. �6� and �7�. Note that the
“flat” value D0 increases with temperature, according to Eq.
�1�, so that the measured value of D�T� is the combination of
both conflicting effects.

Let us note that the calculated increase in the diffusion
coefficient D for increasing surface tension 
 �Eqs. �6� and
�7��, due to the suppression of the bending modes, could be
counter-balanced by the following opposite effect; if the
membrane surface tension �and the bending modulus 	� is
increased, for a given fixed geometry, by increasing the
strength of the attractive lipid-lipid interactions, then the
overall diffusion coefficient decreases due to an increase in �
�and decrease in D0�. What is shown in Eqs. �6� and �7� is
that for a given fixed membrane composition, there will be a
gain in diffusion when the surface tension is increased.

IV. FLUCTUATING CURVATURE
IN ACTIVE MEMBRANES

Finally, we describe the effects of active membrane fluc-
tuations �17,18� on the diffusion coefficient. These are mem-
branes which have, in addition to the thermal fluctuations
described above, also shape fluctuations that are driven, for
example, by chemical energy adenosine triphosphate �ATP�.
Such membranes arise in living cells �19,20� or in synthetic
vesicles, which incorporate ion pumps �18�. The increased
amplitude of the membrane fluctuations, compared to the
purely thermal contribution, are usually described phenom-
enologically by introducing a higher effective temperature
Tef f �T �16,19�.

We begin with the case of synthetic active membranes
�18�, for which several models have been proposed to calcu-

FIG. 2. The calculated dependence of the normalized diffusion
coefficient D /D0 on the effective surface tension 
. To fit the data
we use 	=kBT, bare membrane thickness w=5 nm, and 
0

=kBT /L2, L=1 m; solid line, membrane thickness effect �Eq. �6��;
dashed line, combined thickness and projected area effects �Eqs. �6�
and �7��.
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late the active height fluctuations and the consequent Tef f
�17,21�. We shall use here a simple model that we previously
proposed for such membranes �21�, where a uniform density
of proteins impart a randomly directed and local impulse of
duration �.

Two kinds of proteins were considered: “curvature-force”
proteins that actively change their spontaneous curvature,
and “direct-force” proteins that impart a normal force to the
membrane. The mean-square height fluctuations �hq

2� and the
excess area for both these cases were calculated in �21�.
Since we assume that the thermal and active fluctuations are
incoherent, their contributions simply add up to both the
mean-square curvature �Eqs. �5� and �6�� and the excess area
�Eq. �7��.

For curvature-force active membranes, the excess area be-
haves as the thermal case �21�, adding a thermal-like term to
Eq. �7�. In such a case it is natural to describe the combined
geometrical effect of thermal and active fluctuations on the
diffusion using a higher “effective temperature” �18,21�:
kBTef f �kBT+2F2nr4 /	, where F is the active force, r is the
spontaneous curvature of the membrane protein when it is
activated, and n is the areal density of the proteins �assumed
to be distributed uniformly�. The effect of the active fluctua-
tions on the membrane thickness enters through the contri-
bution to the mean-square curvature �Eq. �5��, which is
straightforward to calculate, but gives a lengthy result. For a
tension-less membrane we find the following behavior: In
the limit of infinitely short bursts ��→0�, the active contri-
bution to the mean-square curvature �H2�active,c vanishes. In
the limit of static curvature ��→ � � the result simplifies to
�H2�active,c→F2nr4 /16�2w2	2, which is again thermal-like
�Eq. �5��.

Comparing to the experiments we first need to fix the
values of the various physical parameters. In the experiments
on vesicles containing light-activated bacteriorhodopsin
�BR� �18� the excess area was measured by micro pipette
aspiration, and it was found that when the BR are activated:
Tef f /T�2–3 �21�. Comparing to our model, we therefore
use this data to fix the value of F2nr4 /	�kBT. Diffusion
experiments on vesicles containing the BR proteins �22� in-
dicate very slow aggregation of the proteins, so we will use
the static limit ��→ � �. Using these values we get an active
contribution to the thickness effect �6� which amounts to:
Tef f /T�1.25. The overall reduction in the diffusion coeffi-
cient, due to the BR-induced membrane fluctuations, can be
therefore estimated to be �15% �using 	=10kBT, 
0
�	 /L2, and L=10 m �18��.

In the experiments �22�, it was found that indeed the dif-
fusion of the BR proteins is reduced by a factor of �4 when
they are activated. This large reduction is mainly due to the
aggregation of BR proteins, which form complexes �3 times
larger than their original radius, such that their diffusion co-
efficient is reduced according to D�1/r→ 1

3 �23,24�. There
remains, therefore, a further reduction of �20% in the ob-
served diffusion coefficient when the BR are activated. Our
calculated reduction of �15% in the diffusion, due to curva-
ture effects, is therefore plausible when compared to the
�scant� experimental data. A more exact quantitative com-
parison is not possible with the available data. A future ob-

servation of the diffusion coefficient of the lipid component
in these membranes should be sensitive only to the effects of
curvature, and can test our predictions directly.

The second type of active membrane proteins that we pre-
viously considered �21� is the “direct-force” kind. The excess
area contribution for this case was previously calculated
�21�; in the limit of small tension we find that the excess area
is given by ��active,d��F2�n /� f

�	��1/
. This contribution
reduces the diffusion in Eq. �7�, in addition to the thermal
part. The active contribution to the mean-square curvature is
calculated also for the tension-less case: �H2�active,d

��F2n�2/3w2� / �	4/3� f
2/3�. Using values that we fitted to the

experimental data �18,21�, we estimate a negligible active
contribution of �0.1%, to the reduction in the diffusion co-
efficient.

Note that for this type of active membranes we have a
rather curious result: Increasing the viscosity of the sur-
rounding fluid � f diminishes the amplitude of the active cur-
vature fluctuations �21�, and therefore increases the diffusion
inside the membrane. Of course, this effect is countered by
the direct drag of the peptide with the surrounding fluid,
which increases with � f �see the discussion following Eq.
�1��.

V. EFFECT OF SHEAR FLOW
ON MEMBRANE DIFFUSION

When shear flow is applied parallel to the surface of a
fluid membrane, it results in an increase in the effective sur-
face tension, thereby quenching the height of thermal curva-
ture fluctuations. The setup is of a flow which is parallel to
plane of the membrane, with a gradient in the velocity in the
direction normal to the plane of the membrane. In the lamel-
lar phase, this increased tension is given by �25�

�
 �
�4

18

	d4

�kBT�2� f
2�̇2, �8�

where d is the lamellar spacing, �̇ is the shear rate, such that
the shear stress is: �=� f�̇. Using Eq. �8� in �5�, we find that
in the limit of large shear-rates �̇→�, the mean-square cur-
vature due to thermal fluctuations vanish as: �H2��1/ �̇2. The
subsequent increase in the diffusion coefficient, according to
our calculations, await experiments on membranes in a
lamellar phase.

Nevertheless, there are data available from experiments
on diffusion in relatively flat cellular membranes �13,15�. In
Fig. 3 we compare the calculated shear-induced change in
the diffusion coefficient �relative to the value without shear
flow D�0�� to the experimental data on endothelial cells
�13,15�. Note that in the experiments there is no advective
effect enhancing the diffusion in the plane of the membrane,
which is measured in the perpendicular direction to the flow.
In these experiments it was observed that after the applica-
tion of shear flow there is an initial, fast increase in D, which
we attribute to the induced increase in the membrane tension
�
 �Eq. �8��. The time scale of this initial change in D is in
agreement with the time scale for the onset of the membrane
tension, which is of the order �mem�� fL

3 /	�1−5 sec,
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where L�1 m is the order of the cell size �13,15�.
To fit to the experimental data �13,15� we used d

=500 nm in Eq. �8�. The value of this fitting parameter is
reasonable, since it implies that the membrane undulations
are confined to d /2�250 nm by the cytoskeleton that under-
lies the membrane of these cells �26�. Note that the calcula-
tion involving only the changes to the membrane’s thickness
�viscosity� �Eq. �6�� agrees with the measurements using lo-
cal viscosity indicators �13� �Fig. 3�. The sum of both effects,
Eqs. �6� and �7�, agrees with the observed changes to the
overall diffusion coefficient, using the FRAP method �15�. In
these calculations we used 	 /kBT�1 in Eqs. �6� and �7�.
This is reasonable for living cells, since while 	�5kBT, the
amplitude of the active membrane fluctuations are mostly
driven by active processes such as actin polymerization and
can be phenomenologically described by a higher effective
temperature: Tef f /T�5–10 �19,20� �see the discussion in the
previous section�. Let us note that due to the limited experi-
mental data we can say that the calculated effect of the in-
crease in membrane tension is merely a possible explanation
that is in accord with the experimental observations.

The diffusion coefficient in these cells was observed to
further increase over a much longer time scale of
�100–300 sec, especially at the front �flow-facing� part of
the cell �13,15�. The time scale for this change corresponds
to the redistribution of membrane proteins through diffusion
and advection: �dif f �L2 /D�10 min. Over this longer time-
scale the diffusion is seen to change by a large factor of �2.
The shear flow is found to affect the cytoskeleton in various
ways �20�; in some cells it reduces the amount of the actin
network underlying the membrane �27�. These large-scale
changes are usually rather slow compared to hydrodynamic
time scales, and can account for the observed slow changes
in the diffusion coefficient. These slow processes are beyond
the curvature effects we describe here.

Finally let us comment about the effective temperature of
the height fluctuations in living cells. A theoretical model
describing the active fluctuations of a cell membrane due to
actin polymerization was recently proposed �20�. In this
model we assume that the actin polymerization that is push-
ing the membrane is initiated by specific membrane proteins,
that are themselves free to diffuse in the membrane. This
model therefore couples the dynamics of these proteins in the
plane of the membrane, to the driving force of the actin
polymerization �assumed here to provide a force purely nor-
mal to the membrane�. Using this model we find that the
actin-driven height fluctuations �hq

2� have a thermal-like be-
havior, but with an effective temperature Tef f that is deter-
mined by the various physical parameters of the model. Most
notably we find that Tef f �1/D, which results from the fol-
lowing mechanism �20�: large density fluctuations of the
membrane proteins drive large variations in the actin pushing
force. These variations in the force translate into height fluc-
tuations with an amplitude that depends on the time of their
survival, which is itself larger the smaller D is.

From Eqs. �4�–�6� we find that the diffusion is given:
D /D0�1/ �1+�Tef f /T�, so that we now have D /D0�1/ �1
+�D0 /D� �neglecting the thermal contribution which is usu-
ally much smaller since Tef f /T�10�. We solve this relation
and get D /D0=1−�. The parameter � is a combination of
physical parameters of the actin derived motion �20�. This
relation for D means that there is now a critical value �=1
such that D vanishes. This is a point of instability beyond
which there is a runaway process of increase in the amplitude
of the active fluctuations and a decrease in D. At this critical
value the active fluctuations diverge which signals an insta-
bility of the system �this is a new instability beyond those
described in �20��. In reality the divergence is limited by the
finite size effects. This behavior is in contrast to thermal
fluctuations whose amplitude is independent on D, and there-
fore causes D to vanish only in the limit of T→�.

VI. CONCLUSION

To conclude, we have calculated a different effect of static
and fluctuating curvature on the intrinsic fluidity of fluid
membranes, through curvature-induced changes in the mem-
brane thickness. The resulting description is in good agree-
ment with recent experiments on diffusion in curved fluid
monolayers �7�. Our analysis gives a simple explanation for
the observed effects of the shear flow on membrane fluidity
in living cells, which is an important trigger for cell motility
�28�. The predictions concerning the dependence of the dif-
fusion on the membrane tension and curvature fluctuations
�thermal and active� can be experimentally tested.
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FIG. 3. The calculated change in the normalized diffusion coef-
ficient �D�
�−D�0�� /D�0�, due to the applied shear stress �=� f�̇
�Eq. �8�� �using 	=kBT, d=100w, w=5 nm, 
0=kBT /L2, and L
=50 nm�; solid line, membrane thickness effect �Eq. �6��; dashed
line, combined thickness and projected area effect �Eqs. �6� and
�7��. The data points are squares �15�; circles �13�.
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